In All Likelihood

Statistical Modelling and Inference Using the Likelihood

Yudi Pawitan

Department of Statistics National University of Ireland Cork

Contents

1 Introduction 1 1.1 Prototype of statistical problems . . . . . . . . . . . . . . . . 1 1.2 Statistical problems and their models . . . . . . . . . . . . . 3 1.3 Statistical uncertainty: inevitable controversies . . . . . . . 6 1.4 The emergence of statistics . . . . . . . . . . . . . . . . . . 8 1.5 R. A. Fisher and the third way . . . . . . . . . . . . . . . . 14 1.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2 Elements of likelihood inference 21 2.1 Classical definition . . . . . . . . . . . . . . . . . . . . . . . 21 2.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.3 Combining likelihoods . . . . . . . . . . . . . . . . . . . . . 27 2.4 Likelihood ratio . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.5 Representing the likelihood: its maximum and curvature . . 30 2.6 Likelihood-based intervals . . . . . . . . . . . . . . . . . . . 35 2.7 Standard error and Wald statistic . . . . . . . . . . . . . . . 41 2.8 Invariance principle: transformation of a fixed parameter . 43 2.9 Practical implications of invariance principle . . . . . . . . 44 2.10 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3 More properties of the likelihood 53 3.1 Sufficiency . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 3.2 Minimal sufficiency . . . . . . . . . . . . . . . . . . . . . . . 55 3.3 Multiparameter models . . . . . . . . . . . . . . . . . . . . . 57 3.4 Profile likelihood . . . . . . . . . . . . . . . . . . . . . . . . 60 3.5 Calibration in multiparameter case . . . . . . . . . . . . . . 64 3.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4 Basic models and simple applications 73 4.1 Binomial or Bernoulli models . . . . . . . . . . . . . . . . . 73 4.2 Binomial model with under- or overdispersion . . . . . . . . 76 4.3 Comparing two proportions . . . . . . . . . . . . . . . . . . 78 4.4 Poisson model . . . . . . . . . . . . . . . . . . . . . . . . . . 81

iv Contents

4.5 Poisson with overdispersion . . . . . . . . . . . . . . . . . . 84 4.6 Traffic deaths example . . . . . . . . . . . . . . . . . . . . . 86 4.7 Aspirin data example . . . . . . . . . . . . . . . . . . . . . . 87 4.8 Delta method . . . . . . . . . . . . . . . . . . . . . . . . . . 88 4.9 Continuous data . . . . . . . . . . . . . . . . . . . . . . . . 90 4.10 Exponential family . . . . . . . . . . . . . . . . . . . . . . . 94 4.11 Box-Cox transformation family . . . . . . . . . . . . . . . . 101 4.12 Location-scale family . . . . . . . . . . . . . . . . . . . . . . 103 4.13 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5 Frequentist properties 115 5.1 Bias of point estimates . . . . . . . . . . . . . . . . . . . . . 115 5.2 Estimating and reducing bias . . . . . . . . . . . . . . . . . 117 5.3 Variability of point estimates . . . . . . . . . . . . . . . . . 121 5.4 Likelihood and P-value . . . . . . . . . . . . . . . . . . . . . 123 5.5 CIs and coverage probability . . . . . . . . . . . . . . . . . . 126 5.6 Confidence density and confidence interval . . . . . . . . . . 127 5.7 Exact inference for Poisson model . . . . . . . . . . . . . . 129 5.8 Exact inference for binomial model . . . . . . . . . . . . . . 134 5.9 Nuisance parameters . . . . . . . . . . . . . . . . . . . . . . 135 5.10 Criticism of confidence intervals . . . . . . . . . . . . . . . 137 5.11 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

6 Modelling relationship: regression models 143 6.1 Normal linear models . . . . . . . . . . . . . . . . . . . . . . 144 6.2 Logistic regression models . . . . . . . . . . . . . . . . . . . 148 6.3 Poisson regression models . . . . . . . . . . . . . . . . . . . 152 6.4 Nonnormal continuous regression . . . . . . . . . . . . . . . 155 6.5 Exponential family regression models . . . . . . . . . . . . . 157 6.6 Deviance in GLM . . . . . . . . . . . . . . . . . . . . . . . . 160 6.7 Iterative weighted least squares . . . . . . . . . . . . . . . . 167 6.8 Box-Cox transformation family . . . . . . . . . . . . . . . . 171 6.9 Location-scale regression models . . . . . . . . . . . . . . . . 174 6.10 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

7 Evidence and the likelihood principle^⋆ 183 7.1 Ideal inference machine? . . . . . . . . . . . . . . . . . . . . 183 7.2 Sufficiency and the likelihood principles . . . . . . . . . . . 184 7.3 Conditionality principle and ancillarity . . . . . . . . . . . . 186 7.4 Birnbaum’s theorem . . . . . . . . . . . . . . . . . . . . . . 187 7.5 Sequential experiments and optional stopping . . . . . . . . 190 7.6 Multiplicity . . . . . . . . . . . . . . . . . . . . . . . . . . . 195 7.7 Questioning the likelihood principle . . . . . . . . . . . . . . 196 7.8 Exercise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201

8 Score function and Fisher information 203

Contents v

8.1 Sampling variation of score function . . . . . . . . . . . . . 203 8.2 The mean of S(θ) . . . . . . . . . . . . . . . . . . . . . . . . 205 8.3 The variance of S(θ) . . . . . . . . . . . . . . . . . . . . . . 206 8.4 Properties of expected Fisher information . . . . . . . . . . 209 8.5 Cramér-Rao lower bound . . . . . . . . . . . . . . . . . . . . 210 8.6 Minimum variance unbiased estimation^⋆ . . . . . . . . . . . 213 8.7 Multiparameter Cramér-Rao lower bound . . . . . . . . . . . 216 8.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

9 Large Sample Results 219 9.1 Background results . . . . . . . . . . . . . . . . . . . . . . . 219 9.2 Distribution of the score statistic . . . . . . . . . . . . . . . 222 9.3 Consistency of MLE for scalar θ . . . . . . . . . . . . . . . 225 9.4 Distribution of MLE and Wald statistic . . . . . . . . . . . 228 9.5 Distribution of likelihood ratio statistic . . . . . . . . . . . . 230 9.6 Observed versus expected information^⋆ . . . . . . . . . . . . 231 9.7 Proper variance for the Score statistic^⋆ . . . . . . . . . . . . 234 9.8 Higher-order approximations: magic formula^⋆ . . . . . . . . 234 9.9 Multiparameter case: θ ∈ R^p . . . . . . . . . . . . . . . . . 243 9.10 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 246 9.11 Nuisance parameters . . . . . . . . . . . . . . . . . . . . . . 251 9.12 χ^2 goodness-of-fit tests . . . . . . . . . . . . . . . . . . . . . 255 9.13 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

10 Dealing with nuisance parameters 259 10.1 Inconsistent likelihood estimates . . . . . . . . . . . . . . . . 260 10.2 Ideal case: orthogonal parameters . . . . . . . . . . . . . . . 262 10.3 Marginal and conditional likelihood . . . . . . . . . . . . . . 264 10.4 Comparing Poisson means . . . . . . . . . . . . . . . . . . . 267 10.5 Comparing proportions . . . . . . . . . . . . . . . . . . . . . 269 10.6 Modified profile likelihood^⋆ . . . . . . . . . . . . . . . . . . . 271 10.7 Estimated likelihood . . . . . . . . . . . . . . . . . . . . . . 278 10.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279

11 Complex data structure 283 11.1 ARMA models . . . . . . . . . . . . . . . . . . . . . . . . . 283 11.2 Markov chains . . . . . . . . . . . . . . . . . . . . . . . . . 285 11.3 Replicated Markov chains . . . . . . . . . . . . . . . . . . . 288 11.4 Spatial data . . . . . . . . . . . . . . . . . . . . . . . . . . . 291 11.5 Censored/survival data . . . . . . . . . . . . . . . . . . . . . 294 11.6 Survival regression models . . . . . . . . . . . . . . . . . . . 298 11.7 Hazard regression and Cox likelihood . . . . . . . . . . . . . 300 11.8 Poisson point processes . . . . . . . . . . . . . . . . . . . . . 303 11.9 Replicated Poisson processes . . . . . . . . . . . . . . . . . . 307 11.10Discrete time models for Poisson processes . . . . . . . . . . 314 11.11Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 319

vi Contents

12 EM Algorithm 325 12.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 325 12.2 General specification . . . . . . . . . . . . . . . . . . . . . . 327 12.3 Exponential family model . . . . . . . . . . . . . . . . . . . 329 12.4 General properties . . . . . . . . . . . . . . . . . . . . . . . 332 12.5 Mixture models . . . . . . . . . . . . . . . . . . . . . . . . . 333 12.6 Robust estimation . . . . . . . . . . . . . . . . . . . . . . . . 336 12.7 Estimating infection pattern . . . . . . . . . . . . . . . . . . 338 12.8 Mixed model estimation^⋆ . . . . . . . . . . . . . . . . . . . . 340 12.9 Standard errors . . . . . . . . . . . . . . . . . . . . . . . . . 343 12.10Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 346

13 Robustness of likelihood specification 349 13.1 Analysis of Darwin’s data . . . . . . . . . . . . . . . . . . . 349 13.2 Distance between model and the ‘truth’ . . . . . . . . . . . . 351 13.3 Maximum likelihood under a wrong model . . . . . . . . . . 354 13.4 Comparing working models: AIC criterion . . . . . . . . . . 359 13.5 Deriving the AIC . . . . . . . . . . . . . . . . . . . . . . . . 363 13.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 367

14 Estimating equation and quasi-likelihood 369 14.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 371 14.2 Likelihood-level specification . . . . . . . . . . . . . . . . . . 373 14.3 Computing ^β in nonlinear cases . . . . . . . . . . . . . . . . 375 14.4 Asymptotic distribution . . . . . . . . . . . . . . . . . . . . 377 14.5 GEE: Generalized estimating equation . . . . . . . . . . . . 379 14.6 Robust estimation . . . . . . . . . . . . . . . . . . . . . . . . 383 14.7 Asymptotic Properties . . . . . . . . . . . . . . . . . . . . . 389 14.8 Sample version of the asymptotic distribution . . . . . . . . 393 14.9 Asymptotic relative efficiency^⋆ . . . . . . . . . . . . . . . . 396

15 Empirical likelihood 401 15.1 Profile likelihood . . . . . . . . . . . . . . . . . . . . . . . . 401 15.2 Double bootstrap likelihood . . . . . . . . . . . . . . . . . . . 405 15.3 BC_a bootstrap likelihood . . . . . . . . . . . . . . . . . . . . 408 15.4 Exponential family model . . . . . . . . . . . . . . . . . . . 410 15.5 General cases: M-estimation . . . . . . . . . . . . . . . . . . 412 15.6 Parametric versus empirical likelihood . . . . . . . . . . . . 415

16 Likelihood of random parameters 419 16.1 The need to extend the likelihood . . . . . . . . . . . . . . . 419 16.2 Statistical prediction . . . . . . . . . . . . . . . . . . . . . . 421 16.3 Defining extended likelihood . . . . . . . . . . . . . . . . . . 423

17 Random and mixed effects models 429 17.1 Simple random effects models . . . . . . . . . . . . . . . . . 430

Contents vii

17.2 Normal linear mixed models . . . . . . . . . . . . . . . . . . 433 17.3 Estimation of the fixed parameters . . . . . . . . . . . . . . 434 17.4 Estimation of the random effects . . . . . . . . . . . . . . . 435 17.5 Estimating genetic factor from family data^⋆ . . . . . . . . . 436 17.6 Joint estimation of β and b . . . . . . . . . . . . . . . . . . 438 17.7 Computing the variance component via ^β and ^b . . . . . . . 439 17.8 Extension to several random effects . . . . . . . . . . . . . . 446 17.9 Generalized linear mixed models . . . . . . . . . . . . . . . . 452 17.10Exact likelihood in GLMM . . . . . . . . . . . . . . . . . . . 454 17.11Approximate likelihood in GLMM . . . . . . . . . . . . . . . 456 17.12Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 462

18 Nonparametric smoothing 465 18.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 465 18.2 Linear mixed models approach . . . . . . . . . . . . . . . . . 469 18.3 Imposing smoothness using random effects model . . . . . . 471 18.4 Penalized likelihood approach . . . . . . . . . . . . . . . . . 473 18.5 Estimate of f given σ^2 and σ^2_b . . . . . . . . . . . . . . . . 474 18.6 Estimating the smoothing parameter . . . . . . . . . . . . . 478 18.7 Prediction intervals . . . . . . . . . . . . . . . . . . . . . . . 481 18.8 Partial linear models . . . . . . . . . . . . . . . . . . . . . . 481 18.9 Smoothing non-equispaced data^⋆ . . . . . . . . . . . . . . . . 482 18.10NonGaussian smoothing . . . . . . . . . . . . . . . . . . . . 485 18.11Nonparametric density estimation . . . . . . . . . . . . . . . 489 18.12Nonnormal smoothness condition^⋆ . . . . . . . . . . . . . . 493 18.13Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 493